when E(Y,Ȳ ) is the set of edges between Y and its complement. Now if we denote λ 1 (X) = max{λ | λ = k, λ e.v. of X}, then h 2 |X| 2k ≤ λ 1 (X) ≤ 2h(X) (cf. [L1] ).
So, Ramanujan graphs are expanders. Expander graphs are of great importance in combinatorics and computer science (cf. [HLW] and the references therein) and also in pure mathematics (cf. [L2] ). Expander graphs serve as basic building blocks in various network constructions, in many algorithms and so on. The bound on their eigenvalues ensures that the random walk on such graphs converges quickly to the uniform distribution and on Ramanujan graphs this happens in the fastest possible way. This is one more reason that makes them so useful. The existence of Ramanujan graphs is by no means a trivial issue: While it is known that random k-regular graphs are expanders, it is not known if they are Ramanujan. First examples of infinite families of such graphs were given by explicit construction in [LPS] and [M] for k = q + 1, q prime. In [MSV] , it is shown, by a non constructive method, that for every k ≥ 3 there exist infinitely many k-regular bi-partite Ramanujan graphs.
Why are Ramanujan graphs named after Ramanujan? As far as we know Ramanujan had no special interest in graph theory. Let us explain the reason for this name which was coined in [LPS] .
Let us look at the following power series
The coefficients τ (n) define the so called Ramanujan tau function. Ramanujan conjectured that τ (p) ≤ 2p 11 2 for every prime p. The importance of △ comes from the fact that if we write q = e 2πiz then △(z) is a cusp form of weight 12 on the upper half plane H = {z = x + iy | x, y ∈ R, y > 0} with respect to the modular group Γ = SL 2 (Z) acting on H by Mobius transformation ab cd
for a Dirichlet character w of Z/NZ) the space of cusp forms on H w.r.t. Γ 0 (N) (and w). The Hecke operators T p (p prime, (p, N) = 1), act, and commute, on each S k (N, w), and their common eigenfunctions are the Hecke eigenforms. Now, S 12 (Γ = Γ 0 (1)) is one dimensional and so △(z) above is such a Hecke eigenform. Moreover, τ (p) above is equal to the eigenvalue of T p acting on S 12 (Γ). A natural and far reaching generalization of the Ramanujan conjecture mentioned above on the size of τ (p) is the so called Ramanujan-Peterson (RP) conjecture: for every Hecke eigenform f in S k (N, w), the eigenvalues λ p of T p , (p, N) = 1, satisfy |λ p | ≤ 2p k−1 2 . The reader is referred to [R] for a concise and clear explanation of all these notions.
The modern approach to automorphic functions via representation theory brought in another point of view on the Ramanujan-Peterson Conjecture. Satake [S] showed that the RP conjecture is equivalent to the assertion: Let A = A Q be the ring of ade ′ les of Q, and π an irreducible cuspidal GL 2 -representation in L 2 (GL 2 (A)/GL 2 (Q)), such that its component at infinity π ∞ is square integrable, then for every prime p the local factor at the p-component π p is a tempered representation. See [R] for exact definitions. Here we only mention that a representation of a (simple) p-adic real Lie group G is tempered if it is weakly contained in L 2 (G). The RP conjecture was proved by Deligne (for the special representations that are relevant to the Ramanujan graphs, the RP conjecture was actually proven earlier by Eichler). The representation theoretic formulation suggests vast generalizations to other algebraic groups.
Let us look at the simple p-adic group G = PGL 2 (Q p ). The BruhatTits building associated with G is, in this special case, the (p + 1)-regular tree T = T p+1 which can be identified as
One can show (see [L1] ) that X is a Ramanujan graph if and only if every infinite dimensional K-spherical G-sub-representation of L 2 (Γ \ G) is tempered. Deligne theorem, combined with the so called JacquetLanglands correspondence, enables the construction of such arithmetic subgroups Γ for which the temperedness conditions is satisfied and hence Ramanujan graphs are obtained. This was the method of [LPS] and [M] . Let us mention that for every k, if G is the full automorphism group of T k and Γ a discrete cocompact subgroup of G, then X = Γ\T k is k-regular Ramanujan graph if and only if the same temperedness condition is satisfied: in other words every non-trivial eigenvalue of X = Γ \ T k is coming from the spectrum of T k if and only if every nontrivial spherical subrepresentation of L 2 (Γ \ G) is coming from L 2 (G). This illustrates the connection between the notion of Ramanujan graph and the Ramanujan conjecture.
As mentioned above, the Ramanujan-Peterson conjecture was generalized to other groups, some of its generalizations to GL d (instead of only GL 2 ) led to higher dimensional versions of Ramanujan graphs, the so called Ramanujan complexes.
Finally, another interesting hint to a connection with number theory. Ihara defined the notion of Zeta function of a k-regular graph X and Sunada observed that X is Ramanujan if and only if this Zeta function satisfies "the Riemann hypothesis" (see [L1] for details).
